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, Abstract. In this paper we study the product of Toephtz operators on the 

OJji harmonic Bergman space of the unit disk of the complex plane C Mainly, we 

^2 ' discuss when the product of two quasihomogeneous Toeplitz operators is also 

■^^ ' a Toeplitz operator, and when such operators commute. 
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1. Introduction 



Let L'^{I]>,dA) be the space of all square integrable functions on the unit disk 
D with respect to the normalized Lebesgue measure dA = rdr — . The harmonic 

TT 

Bergman space, denoted by Lf, is the closed subspace of L'^{I},dA) consisting of 
all harmonic functions on D. Let Q be the orthogonal projection of i^(D, dA) onto 
Lf^. For a bounded function / on D, the Toeplitz operator Tf with symbol / is 
defined by 

Tf{u) = Qifu), for u e Ll. 

J£j ' The function / defined on B is said to be quasihomogeneous of order p, if it can 

be written as 

^ , fire'') = e'^PV(0 

f^ ' where p is an integer and is a radial function on B. In this case, the asso- 

ciated Toeplitz operator Tf is also called quasihomogeneous Toeplitz of order p. 
Quasihomogeneous Toeplitz operators were first introduced by the authors while 
generalizing the results of [3]. 

L^ A major goal in the theory of Toeplitz operators on the Bergman space over D is 

i*^ . to completely describe the commutant of a given Toeplitz operator, that is, the set 

d ' of all Toeplitz operators that commute with it. Choe and Lee first in [T] and [5] , then 

recently Ding in [3] , studied the commutants of Toeplitz operators with harmonic 
symbol, defined on L\. In this paper, we present new results about the commutant 
of a given quasihomogeneous Toeplitz operator. We shall start by studying the 
product of such operator with a radial Toeplitz operator. Then, we shall highlight 
the relationship between the symbols of two commuting quasihomogeneous Toeplitz 
operators of positive degrees. 

Before we state our results, we need to introduce the Mellin transform which 
is going to be our main tool. The Mellin transform / of a radial function / in 
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L^([0, l],rdr) is defined by 

f{z) = f f(ry-^ dr. 
Jo 

It is well known that, for these functions, the Mellin transform is well defined on the 

right half-plane {z : Kz > 2} and it is analytic on {z : Kz > 2}. It is important and 

helpful to know that the Mellin transform / is uniquely determined by its values on 

any arithmetic sequence of integers. In fact we have the following classical theorem 

m p-102]. 

Theorem 1. Suppose that f is a bounded analytic function on {z : SRz > 0} which 
vanishes at the pairwise distinct points z\^zi- ■ • , where 

i) inf{|z„|}>0 
and 

Then f vanishes identically on {z : Kz > 0}. 

Remark 1. Now one can apply this theorem to prove that if / G L^{[0,l],rdr) 
and if there exist nQ,p G N such that 

fipk + no) =0 for all fc £ N, 

then f{z) = for all z e {z : ^z > 2} and so / = 0. 

2. QUASIHOMOGENEOUS AND RADIAL TOEPLITZ OPERATORS 

In [7], the authors gave a necessary and sufficient conditions for the product of 
any two quasihomogeneous Toeplitz operators, defined on the Bergman space of the 
unit disk, to be a Toeplitz operator. Recently in [5], Dong and Zhou investigated 
the same question for Toeplitz operators defined on L^ but with symbol of the form 
e*^ r™, where p G Z and m positive integer. In the following theorem, we prove 
that the product in L^ of two Toeplitz operators, one quasihomogeneous and the 
other radial, is a Toeplitz operator only in the trivial case. 

Theorem 2. Let p be a nonzero integer and (j) be a bounded radial function such 
that (f)(2k+p + 2) =/= for k > 0. If there exists a radial symbol ip such that T^tpe^T^p 
is a Toeplitz operator, then tp must be constant function. 

Proof. First consider p > 0. By [51 Theorem 1.2, p 1767], if the product T^tpo^T^ 
is a Toeplitz operator, then it must be of the form 

(1) T^ipa^T^i, — TgipO/i, 

where /i is a radial function. Now, using [5| Lemma 2.1, p 1767], we show that 
T^.pe^T^ (z'=) = 2(fc + l)i}{2k + 2)2{k +P+ l)4,{2k +p + 2)z''+p if fc > 0, 
and 

^'""'t' 'l'^^ ) I 2(/c + l)^(2/c + 2)2(p-/j + l)^(p + 2)zP-'= ifO<fc<p. 

Similarly we have 

T^.pB^iz'') = 2{k + p + l)l2k + p + 2)z''+P if fc>0. 
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and 

^ , i 2{k-p+l)h{2k-p + 2)z'^'P iik>p 

''""'''^^ > ]^ 2{p-k + l)h{p + 2)zP-'' iiO<k<p. 

Therefore, Equation ([1]) together with the above equalities imply 

(2) 2{k + l)il!{2k + 2)4>{2k + p + 2) = h{2k+p + 2),ifk>0 

(3) 2(fc + l)V^(2fc + 2)^(2fc-p + 2) = h{2k-p + 2),ifk>p 

(4) 2{k + l)${2k + 2)4>{p + 2) = h{p + 2), iiO<k<p 
(3) and (4) imply that 

2(fc + l)?A(2fc + 2)0(p + 2) = h{p + 2), for a\\ < k < p. 
Since we are assuming that (j){p + 2) 7^ 0, we have 

(5) 2(fc + l)V^(2fc + 2) = c, for ah < fc < p, 

where c = — . Combining equations (2) and (IS]) yields 

</)(p + 2) 

(6) c(j){2k+p + 2) =?i{2k+p + 2), for aU < fc < p. 

Now, for any choice of < fco ^ P: wc take k = ko + p in (3) and we obtain 

2{k + l)ijj{2k + 2)(f){2ko + p + 2) = /i(2fco +p + 2). 

Combining the above equation with Equation ^ and since fco is any arbitrary 
integer between and p, we have that 

(7) 2(fc + l)${2k + 2) ^ c, for all < fc < 2p. 
Therefore, equations (2) and ([7]) imply 

(8) c(l){2k+p + 2) = h{2k+p + 2), for all < fc < 2p. 

Redoing the same argument (for any choice of p + 1 < fci < 2p, we take k — ki + p 
in (3)), we show using equations (2) and 1^ that for all < fc < 3p 

2(fc + l)-0(2fc + 2) = c and c<^(2fc + p + 2) = h{2k +p + 2). 

In fact, applying the same argument above repeatedly, we end up proving that 

(9) 2(fc + l)V^(2fc + 2) = c, for ah fc > 0, 
and also 

(10) c<^(2fc + p + 2) = h{2k + p + 2), for aU fc > 0. 

Let 1 denotes the constant function with value one. Since l(z) = -, Equation (j9]) 
is equivalent to 

(11) V'(2fc + 2) = ci(2fc + 2), for all fc > 0. 

Hence, Remark [T] together with equations (fTTj) and (HJ imply that ip — cl and 
c4> = h. 

The same result is obtained for p < by still using [5l Lemma 2.1, p 1767], which 
completes the proof. D 
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In [8], the authors showed that a quasihomogeneous Toephtz operator, defined 
on the analytic Bergman space, commutes with a radial one, only when the radial 
symbol of the latter is constant. The same result remains true in L^. 

Theorem 3. Let p be a nonzero integer and <j) be a non- constant bounded radial 
function. If there exists a radial symbol ip such that T^ commutes with T^ipB^, then 
ip is a constant function. 

Proof. Let p > 0. If T^ipe^T^ — T^T^ipo^, then using [Sj Lemma 2.1,p 1767], we 
obtain that for all A; > 

2{k + p+ l)^{2k +P + 2)^(2fc + 2p+2) = 2{k + 1)^(2A: +p + 2)^(2fc + 2). 

Let Z = {/c > : 6(2k + p + 2) = 01. If V — = cx), then Theorem [T] 

^ ~ ^ ^ ' J Z^ 2k+p + 2 

would imply that is zero function, which would contradict our hypothesis of 

being a non-constant function. Otherwise > = oo, where Z^ is the 

complementary of Z in N. Now, for all k G Z"^ we have 

(2/c + 2p + 2)i^{2k + 2p + 2) = {2k + 2)i>{2k + 2), 
which is equivalent to 

(12) i(2fc + 2)V^(2fc + 2p + 2) = i(2fc + p + 2)${2k + 2), for all k e Z". 

Consequently, Remark [T] and [BJ Lemma 6, p 1468] imply that ijj = cTL for some 
constant c. 

If p < 0, the same result is obtained by considering the adjoint operators. D 

3. Quasihomogeneous Toeplitz operators of positive degree 

In this section, we shall study the conditions under which two quasihomogeneous 
Toeplitz operators of positive degree commute. Direct calculations using ^ Lemma 
2.1,p 1767] give the following lemma. 

Lemma 1. Let p, s be positive integers and cf), ^ be bounded radial functions. If 
Tgipe^Tgise^ = T^i3 0^j;T^ipe^, then the following equations hold: 

* For allk>0 

(13) {k+p+l)4>{2k+p+2)ipi2k+2p+s+2) = {k+s+l)4){2k+2s+p+2)4j{2k+s+2). 

* For all k > p + s 

(14) {k-p+l)^{2k-p+2)ij{2k-2p-s+2) = {k-s+l)^{2k-2s-p+2)^(2k-s+2). 

* For all max(p, s) < k < p + s 

(15) (fc - p + l)0(2fc - p + 2)^(s + 2) = (fc - s + l)0(p + 2)f{2k - s + 2). 

* For all < k < min(p, s) 

(16) {p~k+l)^{p + 2)i^{2p-2k + s + 2) = (s-A:+l)<^(2s-2fc + p + 2)^(s + 2). 
Moreover, 

* If p < s, then for all p < k < s 

(17) {k-p+ l)${2k -p + 2)ip{s + 2) = {s-k + l)0(2s - 2k + p + 2)V^(s + 2). 
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Remark 2. It is important to make the distinction between the cases "p < s" and 
"p > s". These two distinct conditions are crucial for the results of Theorem [6] and 
Theorem [71 

The following theorem shows the uniqueness of the commutant. 

Theorem 4. Let p, s be positive integers and let (j) be a non-constant bounded 
radial function. If there exists a radial function ip such that T^ise^ commutes with 
Tgipoj,, then ip is unique up to a multiplicative constant. 

Proof. Assume there exist two nonzero functions ^i and 7/12 such that both T^ise^j,^ 
and T^iso^^ commute with T^ipsj,. By Equation (|13p, we obtain for all A; > : 

{k + p + l)^{2k + p + 2)^i{2k + 2p + s + 2) = 

{k + s + l)4>(2k + 2s+p + 2)V^(2fc + s + 2), 
and 
{k+p+ l)^{2k +P + 2)i^{2k + 2p + s + 2) = 

{k + s + l)4>(2k + 2s+p + 2)V^(2fc + s + 2). 

Let Z = {k > : (j){2k + p + 2) = 0}. Using the same argument as in the proof of 

Theorem [3l we have that > — = oo and also that for all k <E Z'^ : 

^^ 2k+p + 2 

(18) V^(2A: + 2p + s + 2)V^(2/c + s + 2) = ^i{2k + s + 2)^{2k + 2p+s + 2). 

By Theorem [11 Equation (|T51) is equivalent to 

r^i{z + 2p)r^(z) = r^{z)r^{z + 2p) for 5Rz > 0. 

Hence, [6l Lemma 6, p 1468] implies "01 — cip2 for some constant c. D 

If two quasihomogeneous symbols have the same degree, then the product of the 
associated Toeplitz operators is commutative only in the obvious case. 

Theorem 5. Let <j) and tp be bounded radial functions and p be an integer. IfT^ipo^ 
commutes with T^ipa^, then (f> = ap where c is a constant. 

Proof. Let p > and assume T^tpe^T^ipo^ — T^ipe^Tf,ipe^. Then Equation p^ 
implies 

^(2fc +P + 2)ip{2k +p + 2 + 2p) = 0(2fc +p + 2 + 2p)i){2k + p + 2), V/c > 0. 

Now Theorem [H yields 

^{z)ij{z + 2p) = 0(z + 2p)i;{z) for 3?z > 0. 

Therefore, [SJ Lemma 6, p 1468] provides <p = cip. If p < 0, the same result is 
obtained by taking the adjoint operators. D 

Now we shall consider a Toeplitz operator with a monomial symbol. Its product 
with a quasihomogeneous Toeplitz operator might be either commutative or not. 

Theorem 6. Let p, s be two positive integers with p < s, and a be a positive real 
number. If there exists a radial function ■0 such that Tf.i3a^ commutes with Tf^ipa^a, 
then either s = p and ip = cr°' for some constant c, or ip — 0. 
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Proof. First, let us assume that 'tp{s + 2) ^0. Since the Mehin coefficients of 
(j){r) = r" are (p{n) — ;;^t^, for n > and since T^tpe^a, commutes with T^iso^, 
Equation (|17p imphes 

k — p+l s - k + \ ^ , ^ 

TT, t: = t: TT, ;; , tor p < k < s. 

2k-p + 2 + a 2s-2k+p + 2 + a ~ 

Solving the above equality for k yields to 2k — s + p, for k — p,p + 1, . . . , s, which 
is impossible unless p — s. Using Theorem [SJ we conclude that ip — cr"^ . 
Now, assume that -0(5 + 2) = 0. Then Equality (IT51) implies 

(19) ■(A(2fc + s + 2) = 0, for < fc < p. 
Combining ([T3| and ([T9|) . we obtain 

^{2k + 2p + s + 2) = {), for ah < fc < p, 
or 

(20) ^{2k + s + 2) = 0, for aU < fc < 2p. 

Repeating the same argument, using each time Equation ()13p . we show that 

^{2k + s + 2) = 0, for all fc > 0. 

Hence, Remark [T] implies ■0 = 0. D 

In [6j, the first author proved that for any choice of triple of positive integers 
{m,p,s), there always exists a radial function -0 such that the Toeplitz operators 
Tgipe^(2m+i)p and Tgise^, defined on the analytic Bergman space of the unit disk, 
commute. We shall show that it is not the case anymore for the analogous Toeplitz 
operators defined on L^. 

Theorem 7. Let p, s, m be positive integers with p > s > and m > 0, and let 
4>{r) = r", where n = {2m + l)p. 

(i) Ifp > 771+1 and if there exists a radial function tp such thatT^iso^ commutes 

with T^ipe^n , then must be the zero function. 
(ii) Ifp < m, there exists a nonzero radial function tp such thatT^ise.^i, commutes 
with TgipOj-n 

Proof. If Tf,ipe^ commutes with T^iso.ff,, then we must have 

T^ipB^T^.sB^iz'') = T^,se^T^.pe^{z''), for aU A: > 0, 

and 

T^ipe^T^..e^{z^) = Te.sB^T^^pe^{z''), for aU A; > 0. 

Therefore, by Lemma [Hand since 0(z) = tt;^! '^e obtain the following equalities 

(21) 2ik + s + l)J^''+^' + '^ ,-2(fc+p+l)^(g + ^^+- + ^\vfc>0. 
^ ^ ^ '2k+p + 2s + n + 2 ^ ^ ' 2k+p + n + 2 ' 

/„„N ^., .N ■0(2fc-s + 2) „,, ,,'0(2fc-2p-s + 2) ,„ 

22) 2(fc-s + l) -^ i = 2(k-p+l)-^ '-,Vk > p + s. 

^ ' ^ '2k-p-2s + n + 2 ^ ^ ' 2k-p + n + 2 ' -^ 
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p + n + 2 p + n + 2 



ks + 2) ^ ,^ ^ 7A(2p + g - 2fc + 2) 



(25) (s-fc + 1) ^^^^ ^ = (p-fc + l)-^-^— -— ^,VO<fc<s. 

^■^^ > + 2s-2A; + n + 2 ^'^ ^ p + n + 2 



Now it is easy to see that equations (1211) and (|22|) are equivalent. In fact, by 
taking j~k— p — s in Equation (|22p , we obtain Equation (|211) . We shall then use 
Equation (|2T|) to determine the form of the radial symbol ip. By setting z = 2fe + 2, 
we complexify Equation ([21]) and we obtain 

z -\- 2s ^ z -\- 2r> ^ 

t/j{z + s) ^ ^—il^iz + 2p + s) for ^z > 0. 



z + p + 2s + n z + p + n 

Here, we notice that the function 

J'/ N z + 2s - z + 2p ^, „ , 

z+p + 2s + n z+p + n 

is analytic and bounded in the right half-plane and vanishes for z = 2fc + 2, for any 
fc > 0. Hence, by Theorem [H we have f{z) = 0. Therefore, we obtain that in the 
right half-plane 

r^J^+2rt ^ iz + 2s){z + p + n) ^^^ ^^ ^ ^ 
rs^{z) {z+p + 2s + n){z + 2p)' 

Since n — (2m -\- l)p and using the well-known identity r(z + 1) = zT{z), where T 
is the Gamma function, we can rewrite Equation ^2Q\ as 



(27) r^VKl+M . ^li±M for ^z > 0, 

r^^{z) F{z) 

r(f + ^)r(f + m + l) 
where F(z) — ^, ^ ^ , ^ ^ ^,^, , r- Next, Equation (l27l) . combined with 

r(|; + | + m + i)r(|; + i) ^ ^^' 

[51 Lemma 6, p 1468], implies there exists a constant C such that 

(28) 7^}{z) = CF{z), for Kz > 0. 

Now, we shall show that F(z) is the Mellin transform of a bounded function. Using 
the well-known property of the Gamma function namely 

r(z + n) = (z + n - l)(z + n - 2) . . . zr(z) for n G N, 

and after simplification, we obtain that 



F(z) 



(i + "^)---(i + i) 



which is a proper fraction in z and can be written as sum of partial fractions 

in 11% 

F(z) = V ^ = V a,r^^+^P(z). 

^ ' ^ z + 2s + 2ip ^ ^ ^ ' 

Therefore, Equation ([^5[) and Remark [T] imply that 

m 

(29) ^P{r)=^Cjr''+^^P. 

3=0 
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At this point, let us summarize what we have done so far. We proved that if there 
exists a radial function ip such that T^tsa^ commutes with Tg^ipa^n , then "0 is given by 
Equation (I^Hl) . The rest of the proof will be dedicated to whether or not there exist 
nonzero coefhcients Cj, < j < m, such that ip verifies equations (14), (15) and 

ni -. 

(16). In fact, since ^Ij(z) — } , these three equations can be written as 

a homogeneous linear system in the following way 
/ A \ 



(30) 



B 

C 








where 

* The block A is of size s x (m + 1) and its entries are given by: 
s — fc+1 p — k + 1 



akj 



{p + 2s~2k + n + 2){s + jp+l) {p + n + 2){p + s - k + jp + I)' 

for < A: < s and < j < m. 

* The block B is of size {p — s) x (m + 1) and its entries are given by: 

_ p- k+1 fc-s+l 

''^ ~ {j + l)p + s-k + l ^ k + jp+V 

for s < k < p and < j < tti. 

* The block C is of size s x (m + 1) and its entries are given by: 

k — p + 1 fc — s + 1 

^''^' ~ {2k-p + n + 2){s + jp+l) ~ (p + n + 2)(A; + j> + l)' 
for p < k < p + s and < j < to. 

Before discussing the existence of solutions for our homogeneous system ([30l) . we 
will make three crucial observations: 

. as_/j- = Cp+/j-, for all 1 < ^ < s — 1 and < j < m, 

■ Cpj = -^Tm^, for all < j < TO, 

. The rows of the blocks A and B are linearly independent. 

Hence we can reduce the system (|30|) to only the blocks A and B and get rid of the 
block C. Moreover our system will be always of rank p (the s rows of the block A 
are linearly independent of the p — s rows of the block B). Finally, we conclude by 
saying the following: 

(i) li p > m + I, the homogeneous system (j30|) has more linearly independent 
equations than unknowns. In this case the only possible solution is the 
trivial solution i.e. Cj = for all < j < to,, and therefore tJj is the zero 
function, 
(ii) If p < TO, the system ([5(11) has less equations than unknowns. In this case, 
there exist coefficients Cj which verifies ((30|) . and hence ip exists. 

D 
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, Abstract. In this paper we study the product of Toephtz operators on the 

OJji harmonic Bergman space of the unit disk of the complex plane C Mainly, we 

^2 ' discuss when the product of two quasihomogeneous Toeplitz operators is also 

■^^ ' a Toeplitz operator, and when such operators commute. 
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1. Introduction 
Let L^(]D), dA) be the space of all square integrable functions on the unit disk 



< 

jrt I U with respect to the normalized Lebesgue measure dA = rdr — . The harmonic 

Bergman space, denoted by L^, is the closed subspace of L'^{]D),dA) consisting of 
all harmonic functions on D. It is well known that L^ is a Hilbert space with 
pg I the set {\/n+ 1z"}^q U {V'^+ 1^"}^i as an orthonormal basis. Let Q be the 

^ ' orthogonal projection of L'^{Bi,dA) onto Lf^. For a bounded function / on B, the 

Toeplitz operator Tf with symbol / is defined by 

in 

a^ ■ Tf{u) = Qifu), for u e Ll 

m 



The function / defined on D is said to be quasihomogeneous of degree p, if it can 
be written as /(re*^) = e^P^(j){r) where p is an integer and is a radial function on 
B. In this case, the associated Toeplitz operator Tf is also called quasihomogeneous 
Toeplitz of degree p. Quasihomogeneous Toeplitz operators were first introduced 
by the authors while generalizing the results of [3] . 

A major goal in the theory of Toeplitz operators on the Bergman space over B is 
to completely describe the commutant of a given Toeplitz operator, that is, the set 
of all Toeplitz operators that commute with it. Choe and Lee first in [T] and [5], then 
recently Ding in |4j , studied the commutants of Toeplitz operators with harmonic 
symbol, defined on L^. In this paper, we present new results about the commutant 
of a given quasihomogeneous Toeplitz operator. We shall start by studying the 
product of such operator with a radial Toeplitz operator. Then, we shall highlight 
the relationship between the symbols of two commuting quasihomogeneous Toeplitz 
operators of positive degrees. 

Before we state our results, we need to introduce the Mellin transform which 
is going to be our main tool. The Mellin transform / of a radial function / in 



Date: August 8, 2011. 

2010 Mathematics Subject Classification. Primary 47B35; Secondary 47B38. 
Key words and phrases. Toeplitz operator, harmonic Bergman space, quasihomogeneous sym- 
bol, Mellin transform. 

The second author was partially supported by Agence Universitaire de la Francophonie . 

1 



2 ISSAM LOUHICHI AND LOVA ZAKARIASY 

L^([0, l],rdr) is defined by 

7(z) = / /(r)r--i dr. 
Jo 

It is well known that, for these functions, the Mellin transform is well defined on the 

right half-plane {z : Jftz > 2} and it is analytic on {z : ^z > 2}. It is important and 

helpful to know that the Mellin transform / is uniquely determined by its values on 

any arithmetic sequence of integers. In fact we have the following classical theorem 

[g p.io2]. 

Theorem 1. Suppose that f is a bounded analytic function on {z : 5Rz > 0} which 
vanishes at the pairwise distinct points z\^zi- ■ ■ , where 

i) inf{|z„|} > 
and 

ii) E„>i5i(i)-c^. 
Then f vanishes identically on {z : SRz > 0}. 

Remark 1. Now one can apply this theorem to prove that if / G L^{[0,l],rdr) 
and if there exist nQ,p £ N such that 

f{pk + na) =0 for all fc e N, 

then f{z) = for all z e {z : 5Rz > 2} and so / = 0. 

We shall often use the Lemma 2.1 in [5l p 1767] which can be stated as follows. 

Lemma 1. Let p G Z and (p he a hounded radial function. For each fc G N, 

^ ^ fc f (2fc + 2p + 2)0(2fc +P + 2)z'=+P ifk>-p 
"'""'t'^^ ' I (-2fc-2p + 2)0(-p + 2)z-'=-P ifk<-p, 



{2k - 2p + 2)${2k - p + 2)-z''-P ifk>p 



"'""^^ '~\ {2p-2k + 2)^{p + 2)zP-'' ifk<p. 

2. QUASIHOMOGENEOUS AND RADIAL TOEPLITZ OPERATORS 

In [7], the authors gave a necessary and sufficient conditions for the product of 
any two quasihomogeneous Toeplitz operators, defined on the Bergman space of the 
unit disk, to be a Toeplitz operator. Recently in [5], Dong and Zhou investigated 
the same question for Toeplitz operators defined on Lf^ but with symbol of the form 
e^P^r™, where p G Z and m positive integer. In the following theorem, we prove 
that the product in L^ of two Toeplitz operators, one quasihomogeneous and the 
other radial, is a Toeplitz operator only in the trivial case. 

Theorem 2. Letp he a nonzero integer and cf) be a bounded nonzero radial function. 
If there exists a radial symbol ip such that T^ipe^T^ is a Toeplitz operator, then tp 
must be constant function. 

Proof. First consider p > 0. By [51 Theorem 1.2, p 1767], if the product T^ipo^T^ 
is a Toeplitz operator, then it must be of the form 

(1) T^^pe^T^ = T^^pfh^ 

where /i is a radial function. Now, using Lemma [U we show that 

T^^pB^T^ (z'=) = 2(fc + l)^{2k + 2)2{k +P+ l)$(2k +p + 2)z''+'p if fc > 0, 



T^.^Ohiz'') - ^ ^^ , ^^^,^^ ^ ^^^p-k 
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and 

^ ^ y fc \ 2{k + l)^(2fc + 2)2(fc -p+ l)0(2fc - p + 2)z'=-P if A: > p 
^'""'t' '('^^ ' ]^ 2{k + l)^{2k + 2)2{p-k + l)4>{p + 2)zP-'' iiO<k<p. 

Similarly we have 

T^^pshiz'') ^ 2{k + p + ljl2k + p + 2)z''+P if fc>0, 

and 

' 2{k - p + l)h{2k - p + 2)z'''P iik>p 
2{p-k + l)h{p + 2)zP-'' iiO<k<p. 

Therefore, Equation ^ together with the above equalities imply 

(2) 2(fc + l)i/^(2fc + 2)0(2fc+p + 2) = /J(2/c+p + 2), if fc>0 

(3) 2(fc + l)i/^(2fc + 2)0(2fc-p + 2) = h{2k- p + 2), if k>p 

(4) 2(/c + l)^(2/c + 2)0(p + 2) = h{p + 2), iiO<k<p 
Replacing fc by A; + p in (3) implies 

(5) 2{k+p+ l)i^{2k + 2p+ 2)^{2k +p + 2) = h{2k +p + 2), for aU A: > 0. 

Combining (2) and (5), we obtain 
(6) 
(2{k + l)ip{2k + 2)-2{k+p+ l)^(2fc + 2p + 2)\ 4>{2k + p + 2) = for all fc > 0. 

Let Z = {fc G N : 0(2fc +p + 2) = 0}. Since by hypothesis is not identically zero, 

Theorem [1] implies that > — = oo, where Z"^ is the complementary of Z 

keZ'= +P + 
in N. Moreover, for all fc e Z'^, we have 

2(fc + l)ip{2k + 2)^2{k+p+ l)V^(2fc + 2j9 + 2). 

Let 1 denotes the constant function with value one. Since l(z) = -, the above 
equation is equivalent to 

(7) i(2fc+p + 2)^(2fc + 2) =i(2fc + 2)?/^(2fc + 2p + 2), for all fc e Z^ 

Hence, Remark [T] together with [6l Lemma 6, p 1468] imply that ip = cl, for some 
constant c. 

A similar argument shows that the result remains true for p < 0, which completes 
the proof. D 

In [8], the authors showed that a quasihomogeneous Toeplitz operator, defined 
on the analytic Bergman space, commutes with a radial one, only when the radial 
symbol of the latter is constant. The same result remains true in L^. 

Theorem 3. Let p be a nonzero integer and (j), "0 he two hounded radial functions. 
IfT^ipOj, commutes with T^, then (j) is zero or ip is constant. 

Proof. Let p > 0. If T^ipe^T^ — T^T^ipe^, then using Lemma[Tl we obtain that for 
all fc > 

2(fc + p + l)0(2fc +P + 2)^(2fc + 2p + 2) = 2(fc + l)0(2fc +p + 2)i;{2k + 2). 
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Let Z = {k > : ^{2k + p + 2) = 0}. If V — = oo, then Theorem [l] 

^^^2k+p + 2 

implies that 6 is zero function. Otherwise > = oo, where Z'^ is the 

complementary of Z in N. Now, for all fc G Z"^ we have 

(2fc + 2p+ 2)^{2k + 2p + 2) = (2fc + 2)^{2k + 2), 
which is equivalent to 

(8) i(2fc + 2)V^(2fc + 2p + 2) =i(2fc + p + 2)^(2fc + 2), for all /c e Z^ 

Consequently, Remark [T] and [BJ Lemma 6, p 1468] imply that -0 == cl for some 
constant c. 

If p < 0, the same result is obtained by considering the adjoint operators. D 

Let / be a bounded function with polar decomposition 

(9) /(re^') = E^"'/»W- 

nez 

Then we have the following corollary. 

Corollary 1. //"i/; is a non-constant hounded radial function such thatT^, commutes 
with Tf , then f must be radial function. 

To prove Corollary [Jl we need the following lemma. 

Lemma 2. Let f be bounded function with polar decomposition as in ((9]) and ip 
be a bounded radial function. Then the product TfT^ is commutative if and only if 
T^inBt commutes with T^, for each n ^TL. 

Proof. Since / is bounded function, it is easy to show that the functions /„ are 
bounded for all n G Z. For each fc > we have : 

TfT^{z^) = {2k + 2)ip{2k + 2) ^ r,.„eyjz'=) 

nGZ 

= (2A: + 2)^(2fc + 2)( ^ T,..efjz'^)+ ^ T^^^OfJz') 
^{2k + 2)^{2k + 2)( Y^ 2(-fc-ra+l)/^(-n + 2)z-'=-" 

n< — /c 

+ J2 2(fc + n + l)/^(2fc + n + 2)z''^+"). 

n> — k 

Straight calculations imply that for all couples of positive integers (j, fc) : 

(^/^^z^ z') = 2(2fc + 2)i,i2k + 2)f,.k{j + k + 2), 

and 

{TfT^z'^,!') = 2(2fc + 2)V^(2fc + 2)/_j_fe(j + fc + 2). 

Similar results are obtained when we apply TfT^ to z , for all fc > 0. 

Henceforth, if Cfc(^) = S _iti r , ~^ , then 
^^ ' \ zl"! for fc < 

{TfT^Ck, Cj) = 2(2fc + 2)^(2fc + 2)Q, fc for all j, fc S Z, 



QUASIHOMOGENEOUS TOEPLITZ OPERATORS 5 

where Cj.k is one of the Mehin coefficients fj-k{j + k + 2), f-j-k{j + k + 2), 
fk-j{j + fc + 2) or fk+j{j + k + 2). 
Redoing the same process, we have : 

(T^T/Cfc, 0) - 2(2i + 2)^(2j + 2)C,- fc for all j, k £ Z. 
Now assume TfT^ — T^Tf. For each n £ Z, and for all j,k > : 



fc J I iij^k + n 

"U^^z ^^ ) ^ 2{2k + 2)^{2k + 2)fj-k{j + k + 2) ii j = k + n 



{T,.„efT^z\z^) 



ii j ^k + n 

{TfT^z>',z^) iij = k + n 

ii j ^ k + n 

{T^TfZ^,zi) iij = k + n 

ii j ^ k + n 

2(2j + 2)^(2j + 2)7,_fc {j + fc + 2) if J = fc + n 

Again similar calculations show that for all j, fc e Z, 

so that for each n € Z, T^inef^T^p = T^Tginoy^. 

Conversely, suppose that T^i-ne ^^^ commutes with T^. Then for all j, fc e Z, there 
exists some n G Z such that 

(10) {TjT^QkXj) = {Te^"OuT^CkXj} = (r^^e'"»/„C/c,0) = {T^jjT f C^k , Q) ■ 

Hence, TfT^ = T^Tf and this completes the proof. D 

Proof of Corollary]^ Since Tf commutes with T^, Lemma [5] implies Twiner 
commutes with T^, for each n g Z. Therefore, using Theorem [31 we conclude that 
/„ = for all n ^ 0, and hence f = fo- □ 

3. QUASIHOMOGENEOUS TOEPLITZ OPERATORS OF POSITIVE DEGREE 

In this section, we shall study the conditions under which two quasihomogeneous 
Toeplitz operators of positive degree commute. Direct calculations using Lemma [T] 
give the following equations. 

Lemma 3. Let p, s be positive integers and (j), ip be bounded radial functions. If 
T^ipoJT^ise^ — TgiaB^T^ipej,, then the following equations hold: 

* For allk>0 

(11) (fc+p+l)0(2fc+p+2)V'(2fc+2p+s+2) = (fc+s+l)^(2fc+2s+p+2)V'(2fc+s+2). 

* For all k > p + s 

(12) (fc-p+l)0(2fc-p+2)V'(2fc-2p-s+2) = (fc-s+l)^(2fc-2s-p+2)V^(2fc-s+2). 

* For all max(p, s) < k < p + s 

(13) (fc - p + l)?(2fc -p + 2)${s + 2) = (fc - s + l)0(p + 2)V^(2fc -s + 2). 

* For all < k < min(p, s) 

(14) (p-fc+l)0(p + 2)^(2p-2fc + s + 2) = (s-fc+l)(^(2s-2fc + p + 2)^(s + 2). 
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Moreover, 

* If P '!^ s, then for all p < k < s 

(15) {k-p+ l)0(2fc -p + 2)?A(s + 2) = {s-k + l)^(2s - 2k + p + 2)^{s + 2). 

Remark 2. It is important to make the distinction between the cases "p < s" and 
"p > s". These two distinct conditions are crucial for the results of Theorem [5] and 
Theorem [71 

The following theorem shows the uniqueness of the commutant. 

Theorem 4. Let p, s be positive integers and let (j) be a non-constant bounded 
radial Junction. If there exists a radial function ip such that T^iso^ commutes with 
Tgipoj,, then ip is unique up to a multiplicative constant. 

Proof. Assume there exist two nonzero functions "01 and "02 such that both Tgiss^^^ 
and T^isD^^ commute with T^ipe^. By Equation (jlip . we obtain for all A; > : 

{k + p + l)4>{2k + p + 2)i^i{2k + 2p + s + 2) = 

{k + s + l)0(2fc + 2S+P + 2)V^(2fc + s + 2), 
and 
{k+p+ l)0(2fc +P + 2)^{2k + 2p + s + 2) = 

{k + s + l)4>{2k + 2s+p + 2)V^(2fc + s + 2). 

Let Z = {k > : (f){2k + p + 2) = 0}. Using the same argument as in the proof of 

Theorem [3l we have that > — — oo and also that for all k £ Z'^ : 

^^ 2k+p + 2 

(16) V^(2A: + 2p + s + 2)V^(2A: + s + 2)^ i?i{2k + s + 2)V^(2A: + 2p+s + 2). 
By Theorem [U Equation (TTBl) is equivalent to 

r^^i{z + 2p)r''^2{z) — r'''ipi{z)r^ip2{z + 2p) for SRz > 0. 
Hence, [6l Lemma 6, p 1468] implies "01 = cip2 for some constant c. D 

If two quasihomogeneous symbols have the same degree, then the product of the 
associated Toeplitz operators is commutative only in the obvious case. 

Theorem 5. Let (p andtp be bounded radial functions andp be an integer. IfTg.ipi>^ 
commutes with T^ipa^, then (jj = ctp where c is a constant. 

Proof. Let p > and assume Tgipe^Tgipe^ — T^ipe^Tf,ipe^. Then Equation (fTTj) 
implies 

0(2fc +P + 2)^j{2k +p + 2 + 2p)^ 0(2fc +p + 2 + 2p)^{2k + p + 2), V/c > 0. 

Now Theorem [1] yields 

p{z)i}{z + 2p) = 0(z + 2p)i;{z) for ^z > 0. 

Therefore, fS', Lemma 6, p 1468] provides <j) — cip. If p < 0, the same result is 
obtained by taking the adjoint operators. D 

Now we shall consider a Toeplitz operator with a monomial symbol. Its product 
with a quasihomogeneous Toeplitz operator might be either commutative or not. 
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Theorem 6. Let p, s be two positive integers with p < s, and a be a positive real 
number. If there exists a radial function ^p such that T^iso^ commutes with T^ip0j,a, 
then either s = p and ijj = cr"' for some constant c, or tjj = 0. 

Proof. First, let us assume that ■(/'(s + 2) 7^ 0. Since the MeUin coefficients of the 
monomial (j> : r t—^ r" are 4>{n) = ;;jt^, for n> and since T^ipe^a commutes with 
Tf.isB^, Equation (fT5|) implies 

k - p + 1 s-fc + 1 ^ , ^ 

TT, ^ ~ 7: TT, 7: 1 iOT p < k < S. 

2k-p + 2 + a 2s-2k+p + 2 + a " 

Solving the above equality for k yields to 2k = s + p, for k — p,p + 1, . . . , s, which 
is impossible unless p — s. Using Theorem [S] we conclude that ip — cr". 
Now, assume that 'ip{s + 2) = 0. Then Equality (ITil) implies 

(17) ip{2k + s + 2) = 0, for < fc < p. 
Combining ([TT|) and ([T7|) . we obtain 

ijj{2k + 2p + s + 2) ^0, for al\0<k <p, 
or 

(18) V'(2A: + s + 2) = 0, for allO< fc< 2p. 

Repeating the same argument, using each time Equation (llip . we show that 

^(2k + s + 2) = 0, for all fc > 0. 

Hence, Remark [1] implies ip = 0. D 

In [6], the first author proved that for any choice of triple of positive integers 
(to,p, s), there always exists a radial function tp such that the Toeplitz operators 
Tgipe^(2m+i)p and T^ise^, defined on the analytic Bergman space of the unit disk, 
commute. We shall show that it is not the case anymore for the analogous Toeplitz 
operators defined on L^^. 

Theorem 7. Let p, 3, m be positive integers with p > s > and m > 0, and let 

(j){r) = r", where n — [2m + l)p. 

(i) Ifp > 771+1 and if there exists a radial function ip such that T^iso.^ commutes 

with Tg^ipo^n, then ip must be the zero function. 
(ii) Ifp < m, there exists a nonzero radial function ip such that Tgi^e^ commutes 
with Tgipo^n 

Proof. If T^ipo^ commutes with T^iso^, then we must have 

TeipB^T^^sB^iz'') = T^.se^T^^pe^{z^), for aU A: > 0, 

and 

T^ipe^T^.se^iz'') = T^^se^T^^pe^{z^), for aU A; > 0. 

Therefore, by Lemma [3] and since (p{z) = ^t:;^, we obtain the following equalities 
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(22) ^ik-s + l f^^^^^^^ =2ip-k + i rP^^^^^ ^ ,ys<k<p. 

(23) (,s-fc + i) /(^t^) ^^ip-k + i)^^'P^'-'' + '\yo<k<s. 

^ ^^ > + 2s-2fc + n + 2 ^^ ' p + n + 2 

Now it is easy to see that equations ([T^ and (pil)) are equivalent. In fact, by 
taking j = fc — p — s in Equation (|20p , we obtain Equation ([T^ . We shall then use 
Equation P^ to determine the form of the radial symbol ip. By setting z = 2fc + 2, 
we complexify Equation (|19p and we obtain 



V(-2 + s) = ^—-fPiz + 2p + s) for 5Rz > 0. 



2:+p + 2s + n z+p + n 

Here, we notice that the function 

„/ s z + 2s ^, , z + 2p ^, 

z + p + 2s + n z+p + n 

is analytic and bounded in the right half-plane and vanishes for z — 2k + 2, for any 
fc > 0. Hence, by Theorem [H we have f{z) = 0. Therefore, we obtain that in the 
right half-plane 

(24) ^jl+2p) ^ ^^ + ^f^ + f + tv fo^^^>0- 

r«'(/'(z) {z+p + 2s + n){z + 2p) 

Since n = {2m + l)p and using the well-known identity T{z + 1) = zT{z), where F 
is the Gamma function, we can rewrite Equation p4p as 



(25) r^^+M ^ Fiz + 2p) ^^^ ^^ ^ 

r«V(^) ^(^) 

r(^ + ^)r(^-i-m + i) 

where F(z) = , ^ ^ „^ ^ .^, , r- Next, Equation (ESl) . combined with 

r(|; + | + m + i)r(|; + i) ^ ^^' 

[6l Lemma 6, p 1468], implies there exists a constant C such that 

(26) ^(z) = CF{z), for 3?z > 0. 

Now, we shall show that F{z) is the Mellin transform of a bounded function. Using 
the well-known property of the Gamma function namely 

r(z + n) = (z + n - 1) (z + n - 2) . . . zr(z) for n e N, 

and after simplification, we obtain that 



F{z) = 



(i+H-..(i + i) 



which is a proper fraction in z and can be written as sum of partial fractions 

F(z) = V '^ = V a,r2^+27p(z). 

^ ' ^^ z + 2s + 2]p ^^ ^ ^ ^ 
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Therefore, Equation ([26| and Remark [T] imply that 

m 

(27) VW=X!^J'''^^^^- 

3=0 

At this point, let us summarize what we have done so far. We proved that if there 
exists a radial function 'ijj such that T^ise^ commutes with Tg^ipa^n , then -0 is given by 
Equation (P?]) . The rest of the proof will be dedicated to whether or not there exist 
nonzero coefficients Cj, < j < to, such that -0 verifies equations (14), (15) and 

1 



(16). In fact, since ip{z) — > , these three equations can be written as 

^ z + s + 2jp 

a homogeneous linear system in the following way 



(28) 



/ A \ 
B 

C 



Co 



where 

* The block A is of size s x (to + 1) and its entries are given by: 
s — fc+1 p— k + 1 



akj - 



{p + 2s~2k + n + 2){s + jp+l) {p + n + 2){p + s - k + jp + I)'' 

for < A; < s and < j < to,. 

* The block B is of size {p — s) x (to, + 1) and its entries are given by: 

p — k + I k — s + 1 

^^ ^ (j + l)p + s-k + l ^ k + jp+V 

for s < k < p and < j < to. 

* The block C is of size s x (to + 1) and its entries are given by: 

k — p + 1 fc — s + 1 



Ckj 



{2k-p + n + 2){s + jp+l) {p + n + 2){k + jp + 1) ' 
for p < k < p -\- s and < j < ?7i. 
Before discussing the existence of solutions for our homogeneous system (pS)). we 
will make three crucial observations: 

. as-i,j ~ Cpj^ij, for all 1 < ^ < s — 1 and < j < to,, 
for all < j < TO, 



^PJ — p+n+2' 

The rows of the blocks A and B are linearly independent. 



Hence we can reduce the system ([28)) to only the blocks A and B and get rid of the 
block C Moreover our system will always be of rank p (the s rows of the block A 
are linearly independent of the p — s rows of the block B). Finally, we conclude by 
saying the following: 

(i) If p > 771 + 1, the homogeneous system ([^5)1 has more linearly independent 
equations than unknowns. In this case the only possible solution is the 
trivial solution i.e. Cj = for all < j < to,, and therefore ip is the zero 
function. 
(ii) If p < 771, the system (f28| has less equations than unknowns. In this case, 
there exist nonzero coefficients Cj which verifies (f28|) . and hence ip exists. 
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